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We propose a method of generating unitarily single and two-mode field squeezing in an optical
cavity with an atomic cloud. Through a suitable laser system, we are able to engineer a squeeze
field operator decoupled from the atomic degrees of freedom, yielding a large squeeze parameter
that is scaled up by the number of atoms, and realizing degenerate and non-degenerate parametric
amplification. By means of the input-output theory we show that ideal squeezed states and perfect
squeezing could be approached at the output. The scheme is robust to decoherence processes.
PACS numbers: 03.67.Mn,42.50.Dv,42.50.Lc
Squeezing can be defined, in a harmonic oscillator,
as the reduction of quantum fluctuations in a certain
quadrature below the vacuum level, at the expense of in-
creasing them in its canonically conjugate variable [1].
The possibility of manipulating quantum fluctuations
was first noticed by Caves et al. [2], with the aim of pre-
cision measurements. Since then, much effort has been
devoted to it through theoretical proposals and experi-
mental implementations [3]. Recently, with the advent
of quantum information and communication, entangled
squeezed states of the electromagnetic field [4] have led
to the realization of continuous variable teleportation [5].
Also, by improving the yet low squeeze parameters, it is
expected that two-mode squeezed states will lead to effi-
cient distribution of entanglement and implementation of
quantum channels [6]. Two-mode (polarization) squeez-
ing has already been realized by means of Kerr nonlin-
earity in optical fibers [7] and with cold atomic clouds in
optical cavities [8]. Recently, theoretical and experimen-
tal developments relating atomic ensembles and quantum
information devices, like entanglement [9] and exchange
of information between light and atomic states [10], have
raised justified expectations on related topics. However,
to our knowledge, an effective and tunable field squeeze
operator [1] has not yet been proposed or realized.
In this letter, we present a method that produces sin-
gle and two-mode squeeze operators, decoupled from the
atomic degrees of freedom, acting on a cavity contain-
ing an atomic ensemble. The squeeze parameters scale
up with the interaction time and with the number of
atoms present in the interaction region of the cavity.
This method shows to be robust against decoherence
processes, like spontaneous emission, and does not re-
quire strong coupling regime or strong atomic localiza-
tion. Furthermore, we use the input-output formalism to
show that it is possible to generate two-photon coherent
states [11] (or ideal squeezed states [12]) and to approach
perfect squeezing at the output field, allowing the study
of their features in a wide range of parameters.
Our model consists of an ensemble ofN identical three-
level atoms inside an optical cavity [8, 13]. For the sake
of generality, we assume that the atoms occupy random
positions rk (k = 1, ..., N) along the spatial distribution
of two cavity modes, ua(r) and ub(r). Each atom in-
teracts with these two quantized modes and with two
properly tuned lasers, as sketched in Fig. 1, yielding a
couple of independent Raman laser systems. The associ-
ated Hamiltonian can be written as
H = H0 +Hint, (1)
with
H0 = ~ωaa
†a+ ~ωbb
†b + ~
N∑
k=1
2∑
i=0
ωi |i〉k 〈i| , (2)
and
Hint =
N∑
k=1
{(
Ωk1 |0〉k 〈1| e−iν1t +Ω∗k1 |1〉k 〈0| eiν1t
)
+
(
Ωk2 |0〉k 〈2| e−iν2t +Ω∗k2 |2〉k 〈0| eiν2t
)
+
(
gka |0〉k 〈2|a+ g∗ka |2〉k 〈0|a†
)
+
(
gkb |0〉k 〈1| b + g∗kb |1〉k 〈0| b†
)}. (3)
Here, a (a†) and b (b†) are the annihilation (creation) op-
erators associated with two cavity modes, with frequen-
cies ωa and ωb, respectively. Atomic states |i〉 (i = 0, 1, 2)
have Bohr frequencies ωi and are coupled in two simulta-
neous Lambda configurations [14]. Atomic transitions
|1〉 ↔ |0〉 and |2〉 ↔ |0〉 are coupled through classi-
cal fields with coupling constants Ωk1 = Ω1v1(rk) and
Ωk2 = Ω2 v2(rk), and also through the two cavity modes,
b and a, with coupling constants gkb = gb ub(rk) and
gka = ga ua(rk), respectively.
In the interaction picture, the associated Hamiltonian
2reads
HI = ~
N∑
k=1
{
Ωk1 |0〉k 〈1| e−i∆1t +Ω∗k1 |1〉k 〈0| ei∆1t
+Ωk2 |0〉k 〈2| e−i∆2t +Ω∗k2 |2〉k 〈0| ei∆2t
+gka |0〉k 〈2| ae−i∆˜1t + g∗ka |2〉k 〈0| a†ei∆˜1t
+gkb |0〉k 〈1| be−i∆˜2t + g∗kb |1〉k 〈0| b†ei∆˜2t
}
, (4)
where ∆i = ωi − ω0 + νi, ∆˜i = ∆i − δi (i = 1, 2), and
also ∆˜1 = ω2 − ω0 + ωa, ∆˜2 = ω1 − ω0 + ωb. We con-
sider dispersive detunings {|(∆i−∆j)|, |(∆˜i−∆˜j)|, |(∆˜i−
∆j)|, |∆i|, |∆˜i|} ≫ {|δi|, |gka|, |gkb|, |Ωk1|, |Ωk2|}, with
i = 1, 2 (i 6= j), k = 1, ..., N . Then, we eliminate adia-
batically level |0〉 and obtain the effective Hamiltonian
HII = ~
∑
k
[( |gkb|2
∆˜2
b†b+
|Ωk1|2
∆1
)
|1〉k 〈1|
+
( |gka|2
∆˜1
a†a+
|Ωk2|2
∆2
)
|2〉k 〈2|
+
(
Ωk1g
∗
ka
∆1
a†e−iδ1t +
gkbΩ
∗
k2
∆2
beiδ2t
)
σ−k
+
(
Ωk2g
∗
kb
∆2
b†e−iδ2t +
gkaΩ
∗
k1
∆1
aeiδ1t
)
σ+k
]
, (5)
where σ+k = |1〉k 〈2| and σ−k = σ+†k = |2〉k 〈1| are raising
and lowering atomic operators, respectively. For sim-
plicity, we have discarded terms that require an initial
population of level |0〉.
By making the unitary transformation eiAt/~, with
A = ~δ˜(a†a+b†b)+~
∑
k
(
|Ωk1|2
∆1
|1〉k 〈1|+
|Ωk2|2
∆2
|2〉k 〈2|),
(6)
where δ˜ = (δ2 + δ1)/2 , we obtain the new Hamiltonian
HIII = ~{−δ˜(a†a+ b†b) +∑
k
(
|gka|2
∆˜1
a†a |2〉k 〈2|+
|gkb|2
∆˜2
b†b |1〉k 〈1|
+[(Ω˜kaa+ Ω˜
∗
kbb
†)e−iδktσ+k + H.c.])}. (7)
Here, δk = (δ2 − δ1)/2 + |Ωk2|2/∆2 − |Ωk1|2/∆1, and
Ω˜ka = Ω
∗
k1gka/∆1, Ω˜kb = Ω
∗
k2gkb/∆2.
We make now the unitary transformation eiV (t)/~, with
V (t) = −i~∑k σ−k (Ω˜∗kaa† + Ω˜kbb) (eiδkt− 1)/δk+H.c. ,
assuming |δk|t ≫ 1, |δk| ≫ {|Ω˜ka|, |Ω˜kb|, |gka|
2
∆˜1
, |gkb|
2
∆˜2
, δ˜},
and obtain
HIV=~{−δ˜(a†a+b†b) +
∑
k
(
|Ω˜kb|2
δk
|2〉k〈2|− |Ω˜ka|
2
δk
|1〉k〈1|
+
|gka|2
∆˜1
a†a |2〉k 〈2|+
|gkb|2
∆˜2
b†b |1〉k 〈1|
FIG. 1: Each three-level atom is driven with two classical
fields, with frequencies ν1 and ν2, establishing a couple of
Raman laser systems through two cavity modes.
−σzk [
|Ω˜ka|2
δk
a†a+
|Ω˜kb|2
δk
b†b
+
Ω˜∗kaΩ˜
∗
kb
δk
a†b† +
Ω˜kaΩ˜kb
δk
ba])}, (8)
where σzk = |1〉k〈1| − |2〉k〈2|. We assume that all atoms
are initially in the ground state, Πk|2〉k, which allows us
to replace σzk by −1 in Eq. (8). We require the condition
δ˜ =
∑
k
(
|Ω˜ka|2
δk
+
|gka|2
∆˜1
) =
∑
k
|Ω˜kb|2
δk
, (9)
which can be easily satisfied by adjusting properly the
classical field strengths Ωk1/Ωk2 and the ratio ∆1/∆2 .
Then, up to a constant term, HIV can be rewritten as
HIV = ~(Ωa
†b† +Ω∗ba), (10)
where Ω =
∑
k Ω˜
∗
kaΩ˜
∗
kb/δk. Therefore, the time evolution
operator in the Schro¨dinger picture reads
U(τ) ≃ e−iH˜0τ/~UND(τ), (11)
where we made eiV (t)/~ ≃ 1, consistently with approxi-
mations made before, and defined H˜0 = H0 +A and
UND = e(ξ
∗ab−ξ a†b†). (12)
Here, explicitly, ξ = τ
∑
k Ωk1Ωk2g
∗
kag
∗
kb/(δk∆1∆2) is a
squeeze parameter that scales with the number of atoms
N , τ being the interaction time. The time evolution oper-
ator in Eq. (12) is a unitary two-mode squeeze operator
that is decoupled from the atomic degrees of freedom,
producing two-mode squeezing on any initial field state.
In particular, given that at room temperature an optical
cavity field is in the vacuum state, a two-mode squeezed
vacuum will be naturally produced. Eq. (12) corresponds
to a physical implementation of a non-degenerate (ND)
parametric oscillator in the domain of cavity QED and
atomic clouds. Implementation of a degenerate (D) para-
metric oscillator is straightforward if we consider mode b
identical to mode a, yielding UD = e(ξ
∗a2−ξ a†2).
3At this point, we will make some experimental con-
siderations, stressing that each physical implementation
will require specific adaptations. In fact, to assure
a large squeezing in a fixed quadrature of the cavity
mode, all atoms in the interaction volume should con-
tribute coherently. Let us consider an optical cavity with
cylindrical symmetry around the z-axis with ua(rk) ∼
sin(qazk)fa(ρk)e
imϕk , ub(rk) ∼ sin(qbzk)fb(ρk)e−imϕk .
We choose the classical fields to counterpropagate per-
pendicular to the axis of the cavity, so as to warrant a
coherent atomic contribution in the effective interaction
volume when d|qa − qb| ≪ 1 and w|ν1 − ν2|/c≪ 1, d be-
ing the beam widths and w ∼ d the waist of the modes.
These conditions relax the typical requirement of atomic
localization inside a wavelength, and can be easily satis-
fied, in general, if the two lower levels are separated by a
small splitting compared to optical frequencies.
We consider a low density vapor of 85Rb in an optical
cavity. The two lower levels |1〉 and |2〉 are the ground
state (5S1/2) hyperfine levels (F = 2 and F = 3), sep-
arated by 3GHz, while level |0〉 is the first excited state
(5P3/2), yielding optical transitions of 780nm. Using the
cavity parameters of Ref. [15], we have w ∼ 35µm, ho-
mogeneous laser beams of width d ∼ 50µm, and an in-
teraction volume of ∼ 10−7cm3. We choose, for example,
Ωk1 ∼ 100g, Ωk2 = Ωk1/10, ∆2 = 2∆1, ga ∼ gb = g, and
dispersive condition ∆1/Ωk1 = 100. These values and
Eq. (9) are enough to estimate all relevant parameters,
while satisfying strictly all requirements to derive HIV of
Eq. (10). In particular, we calculate δk = −(1− 1/400)g,
δ1 = −3g/400, δ2 = −g/80, δ˜ = −g/100, an effective
coupling Ω = −g/5, and N = 4 × 104, corresponding
to a density of . 1012/cm3 (small enough to prevent
coherence losses due to collisions). This is just a rather
conservative set of parameters, for a chosen experimental
setup [15], from a wide range of possibilities.
The maximal value of the squeeze parameter in
Eq. (12), for the same example, is |ξ|max ∼ (|g|/5)τdiss,
with τdiss ≡ 1/κn¯, κ being the cavity decay rate and
n¯ the mean number of cavity photons. Given that for
squeezed vacuum n¯ = sinh2(2|ξ|), and with a conserva-
tive |g|/κ ∼ 5, the present scheme should be able to pro-
duce field squeezing ∼ 70%, which is a competitive value
when compared with recent achievements [8]. However,
as we will see in the second part of the manuscript, the
condition |Ω| = |g|/5 = κ is enough to approach, theo-
retically, perfect squeezing at the cavity output.
The noisy effect of spontaneous emission will be negli-
gible here, for typical values of individual atomic emission
rate Γ and in presence of a large number of atoms. It is
possible to estimate that even for a high squeeze param-
eter ξ, very few photons, NΓ ∼ NΓ(Ωk/∆)2τdiss ≪ N ,
would be spontaneously emitted from the whole cloud.
For the realistic parameters of our previous example,
NΓ < 1≪ N ∼ 4× 104.
Now, we will concentrate on the squeezing properties of
the outgoing cavity field. We recall that the output field
that has been considered for diverse applications and can
be measured through standard optical procedures [8].
We consider the input-output theory, successfully ap-
plied to the study of the parametric amplifier [16], for the
case of two cavity modes driven by the effective nonlin-
ear interaction in Eq. (12) and by external (axial) laser
fields. The classical fields drive cavity modes a and b with
strengths ǫa and ǫb, respectively. We assume that each
cavity mode interacts with an independent heat bath
such that, in the Markov approximation, the following
coupled Langevin equations are produced
a˙ = −iǫ∗a +
Ω
2
b† − κa
2
a−√κa cin(t)
b˙ = −iǫ∗b +
Ω
2
a† − κb
2
b−√κb din(t). (13)
Here, cin(t) and din(t) are annihilation operators associ-
ated with the input fields, κa and κb are the cavity decay
rates of modes a and b, and we have considered Ω→ iΩ/2
(Ω real) to match standard notation [16]. Then, Eqs. (13)
can be rewritten as
a˙′ =
Ω
2
b′
† − κa
2
a′ −√κa cin(t)
b˙′ =
Ω
2
a′
† − κb
2
b′ −√κb din(t), (14)
where the transformations
a = a′ + α0
b = b′ + β0, (15)
with α0 = 2i(κbǫ
∗
a−Ωǫb)/(Ω2−κaκb) and β0 = 2i(κaǫ∗b−
Ωǫa)/(Ω
2 − κaκb), have been realized.
For the sake of convenience, we calculate the solutions
of Eq. (14) in frequency domain
a˜′(ω) =
2
√
κa β
Ω2 − αβ c˜in(ω) +
2
√
κbΩ
Ω2 − αβ d˜
†
in(−ω)
b˜′(ω) =
2
√
κb α
Ω2 − αβ d˜in(ω) +
2
√
κa Ω
Ω2 − αβ c˜
†
in(−ω), (16)
where x˜(ω) is the Fourier transform of each operator x(t),
and α = κa − 2iω and β = κb − 2iω.
Following a standard procedure, and undoing the
transformation of Eq. (15), the output fields can be de-
termined as a function of the input fields [16] ,
cout(ω) = − √κaα0δ(ω)
+
Ω2 + α∗β
Ω2 − αβ cin (ω) +
2Ω
√
κaκb
Ω2 − αβ d
†
in (−ω) ,
dout(ω) = − √κbβ0δ(ω)
+
Ω2 + αβ∗
Ω2 − αβ din (ω) +
2Ω
√
κaκb
Ω2 − αβ c
†
in (−ω) .
(17)
4As suggested in [17, 18], two-mode field quadratures
can be defined as X =
(
a+ b+ a† + b†
)
/23/2 and Y =
−i (a+ b− a† − b†) /23/2. From the solutions in Eq.
(17), we can calculate, at resonance,
(∆Xout)
2 =
1
4
(
Ω+
√
κaκb
Ω−√κaκb
)2
(18)
(∆Yout)
2 =
1
4
(
Ω−√κaκb
Ω+
√
κaκb
)2
, (19)
where (∆Xout)
2 = 〈X2out〉 − 〈Xout〉2, and (∆Yout)2 =
〈Y 2out〉 − 〈Yout〉2. Note that (∆Xout)2(∆Yout)2 = 1/16 ,
like it should be for a minimum uncertainty field state.
If the nonlinear coupling vanishes, then (∆Xout)
2 =
(∆Y out)
2 = 1/4, as it should be for a coherent state (in-
cluding the particular case of the vacuum state). How-
ever, in general, Eqs. (18) and (19) show that 1/4 ≤
(∆Xout)
2 < ∞ and 0 ≤ (∆Yout)2 ≤ 1/4. The reduction
parameter r ≡ 2|ξ|, assuming (∆Yout)2 = e−r/4, is
r = −2 ln
∣∣∣∣Ω−
√
κaκb
Ω+
√
κaκb
∣∣∣∣ . (20)
We have shown, in principle, that quadrature Yout at
the output can achieve perfect squeezing (∆Yout)
2 = 0,
when Ω =
√
κaκb (r →∞), at the expense of large fluc-
tuations in Xout. Clearly, feedback and saturation effects
will prevent perfect squeezing from happening but those
considerations are beyond the scope of this work. This
limiting situation, known for the degenerate case, is still
valid for nondegenerate two-mode squeezing in presence
of classical drivings at the input. Note that, even if the
fluctuations in Eqs. (18) and (19) do not depend on the
driving parameters ǫa and ǫb, these yield effective dis-
placements at the output, see Eq. (17), with amplitudes
αeff =
√
κaα0 =
2i
√
κa(κbǫ
∗
a − Ωǫb)
Ω2 − κaκb
βeff =
√
κbβ0 =
2i
√
κb(κaǫ
∗
b − Ωǫa)
Ω2 − κaκb . (21)
This fact suggests that the output field could be in-
terpreted either as a two-mode two-photon coherent
state [11], S(ξeff)D(αeff)D(βeff)|0〉, where |ξeff | = r/2
is given by Eq. (20) and αeff and βeff by Eqs. (21), or,
equivalently, as an ideal two-mode squeezed state [12],
D(α′eff)D(β
′
eff)S(ξ
′
eff)|0〉. Note that the experimentally
tuned parameters αeff and β eff diverge under the condi-
tion of perfect squeezing, Ω =
√
κaκb, and they vanish
for κbǫ
∗
a = Ωǫb , κaǫ
∗
b = Ωǫa. These cases do not violate
energy conservation and are consistent with the model.
In conclusion, we have presented a method to imple-
ment effectively and efficiently single mode and two-mode
field squeeze operators. This is realized through a suit-
able laser system acting on an atomic cloud inside a cav-
ity, implementing degenerate and non-degenerate para-
metric amplification in a novel manner. The collective
action of the atoms in the cloud yields enhancement of
the squeeze parameter that is proportional to the number
of atoms and the interaction time. This unitary proce-
dure squeezes any field state and in particular the initial
vacuum field. By means of the input-output theory, we
have shown that it is possible to generate conditions for
approaching perfect squeezing and ideal squeezed states
at the cavity output in a controlled manner. Extensions
to the case of ring cavities are straightforward and may
simplify the requirements of the present proposal. Ex-
perimental achievement of these goals should contribute
to the study of fundamental aspects in quantum noise re-
duction, and to the implementation of diverse quantum
communication schemes, like entanglement distribution
and remote exchange of quantum information.
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